Boundedness in Cp(X,Y) and equicontinuity  by Troallic, J.P.
Topology and its Applications 108 (2000) 79–89
Boundedness in Cp(X,Y ) and equicontinuity
J.P. Troallic
UPRESA CNRS 6085, Faculté des Sciences et Techniques, Université du Havre, 25, rue Philippe Lebon,
F-76600 Le Havre, France
Received 20 November 1998; received in revised form 19 April 1999
Abstract
LetG be a locally compact abelian group. Some time ago Trigos-Arrieta, improving a well-known
theorem by Glicksberg, showed in a simple way that any relatively pseudocompact subset A of G+
is relatively compact in G. In the present paper, one of our aims is to point out another natural
proof of Trigos-Arrieta’s theorem which yields a stronger result. To get this result, we first establish
(in terms of function spaces) an extension of Namioka’s theorem on separate and joint continuity
(Theorem 3.4). One also finds the following application of Theorem 3.4 which substantially betters
recent results by Korovin and Reznichenko: Let G be a pseudocompact Tychonoff group with
separately continuous multiplication; if G is (σ − β)-defavorable, then multiplication in G is
continuous. Ó 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let G be a locally compact abelian group and let G+ be the underlying group G
equipped with the Bohr topology (the topology induced by the dual group Ĝ). It is
a theorem by Glicksberg [11] that any subset A of G compact in G+ is necessarily
compact in G; more generally, by Corson and Glicksberg’s theorem [8], if G1 and G2
are topological groups and if every closed subgroup ofG1 is a Baire space, then any subset
of Hom(G1,G2) compact relative to the pointwise topology is compact relative to the
compact-open topology (Hom(G1,G2) being the set of all continuous homomorphisms of
G1 into G2). Namioka [21] has remarked that the proof of Corson and Glicksberg’s result
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given in [8] is incomplete; however, their assertion is proved by other methods in [17]
and [26]. Some time ago Trigos-Arrieta [24,25], improving on Glicksberg’s theorem,
showed that a relatively pseudocompact subset A of G+ is necessarily relatively compact
in G. Trigos-Arrieta’s proof in [24,25] was simple and direct; it required Pontrjagin’s
duality theorem and an examination of quotient topologies on groups of the form G/H ; it
rested on the discrete case preliminarily studied in [7]. In this paper, one of our aims is to
point out another natural proof of Trigos-Arrieta’s theorem which yields a stronger result
in the setting considered by Corson and Glicksberg in [8]. Our approach is in the spirit of
the slightly weaker version of Corson and Glicksberg’s theorem given by Namioka [21];
in fact, our Corollary 5.3 contains Corson and Glicksberg’s result.
The paper is organized as follows. To state basic Theorem 3.4, we use the class of
(σ − β)-defavorable topological spaces; the definition of this large class of spaces is
recalled in Section 2.
Let X be a countably ˇCech-complete regular space, Y a pseudometric space and H a
compact subspace of Cp(X,Y ). By a well-known theorem of Namioka [21, Theorem 2.3],
the set of all x ∈ X such that H is equicontinuous at x is dense in X. In Section 3
(Theorem 3.4), we extend Namioka’s result from a compact subspace of Cp(X,Y ) to a
relatively pseudocompact subset of Cp(X,Y ) (and more generally the space X is (σ − β)-
defavorable). Most of Hansel and Troallic’s [13] proof of Namioka’s theorem remains valid
for this setting.
In Sections 4 and 5, some applications of Theorem 3.4 to the topological theory of
topological groups are presented. All of them are proved in Theorem 4.1 (or in its
variant established in Theorem 5.2). Among these applications, one finds the improvement
cited above of Trigos-Arrieta’s theorem. One also finds the following theorem which
substantially betters recent results by Korovin [19] and Reznichenko [22]: Let G be
a pseudocompact Tychonoff group with separately continuous multiplication; if G is
(σ − β)-defavorable, then multiplication in G is continuous.
All topological spaces considered in this paper are assumed to be Hausdorff.
2. Preliminaries
The set {1,2,3, . . .} of all positive integers is denoted byN. Let us consider a topological
space X. We denote by Gσ the following “topological game” on X introduced by
Christensen [6] and Saint Raymond [23]. In this game, two players β and α choose
alternately a nonempty open set in X contained in the opponent’s last choice; moreover,
α also chooses a point in X. Player β is the first to move. Let (Un)n∈N and ((Vn, xn))n∈N
be the sequences thus respectively built by β and α; then player α wins if the set
⋂
n∈N Vn
contains at least one point adherent to the set {xn | n ∈ N}. The topological space X is
said to be (σ − β)-defavorable if there is no winning strategy for β in Gσ . Let V be
the set of all nonempty open subsets of X and let V∗ be the set of all finite sequences
((V1, x1), . . . , (Vn, xn)) with x1, . . . , xn ∈X and V1, . . . , Vn ∈ V ; a strategy for β in Gσ is
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a mapping t :V∗ → V such that t ((V1, x1), . . . , (Vn, xn))⊂ Vn; t is a winning strategy if β
is sure to win irrespective of the behaviour of α provided β moves according to t .
IfX is (σ −β)-defavorable, thenX is a Baire space [23]. IfX is a metrizable Baire space
or a separable Baire space, then X is (σ − β)-defavorable [23]. If X is countably ˇCech-
complete regular (i.e., strongly countably complete regular in the terminology of [21]),
and in particular if X is locally compact or completely metrizable, then X is (σ − β)-
defavorable [6].
If X and Y are any two topological spaces, C(X,Y ) denotes the set of all continuous
mappings of X into Y . The set C(X,Y ) endowed with the pointwise topology is denoted
by Cp(X,Y ).
3. Bounded subsets of Cp(X,Y ) and equicontinuity
Let X be a topological space, Y a pseudometric space and H a compact subspace of
Cp(X,Y ). If X is a countably ˇCech-complete regular space, then by a well-known theorem
of Namioka [21], the set A of all x ∈X such that H is equicontinuous at x is dense in X.
More generally, by Saint Raymond’s theorem [23], A = X if X is a (σ − β)-defavorable
space. In this section, we extend Saint Raymond’s result from a compact subspace of
Cp(X,Y ) to a relatively pseudocompact subset of Cp(X,Y ). Many of the ideas underlying
Hansel and Troallic’s [13] proof of Namioka’s theorem remain valid for this setting; in
particular, an important role is played by a result akin to Stone’s lemma (Lemma 3.3
below).
Notation 3.1. Let I be an arbitrary set. The set of all bounded real-valued functions on I
is denoted by (RI )b . We shall suppose that (RI )b is endowed with the metric of uniform
convergence d : (u, v)→ supi∈I |u(i) − v(i)|. On the other hand, we shall suppose that
the set C(X, (RI )b) is endowed with the order relation 6 defined by: f 6 g if and only
if f (x)(i) 6 g(x)(i) for all x ∈ X and all i ∈ I (f,g ∈ C(X, (RI )b)). The ordered set
(C(X, (RI )b),6) is a lattice.
Definition 3.2. The classical notion of pseudocompactness [15] admits the following
generalization. A subset A of a topological space X is said to be relatively pseudocompact
in X (or R-bounded in X, or functionally bounded in X) provided that every continuous
real-valued function defined on X is bounded on A [18] (see also [1,10]).
Let us recall here the following trivial fact which will be used repeatedly: If X and Y
are topological spaces, if f :X→ Y is a continuous mapping and if A ⊂ X is relatively
pseudocompact in X, then f (A) is relatively pseudocompact in Y .
Lemma 3.3 below is a classic property in the particular case whenX is compact,A=X,
and the set I is a singleton [10, 16.3]; its proof is a slight revision of the usual one in the
particular case. It should be noted that the countability hypothesis on H , superfluous in
the usual case, makes here possible the use in the proof of the following elementary fact:
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A subset A of a topological space X is relatively pseudocompact in X (if and) only if
every countable covering of X by cozero-sets contains a finite covering of A. This fact
is well known in the case when A = X [20, Exercice IV.20], and in the case when X
is metrizable [1, III.4.5]; to deduce the general case from the metrizable case, it suffices
to observe that for any sequence (Un)n∈N of cozero-sets in X there exist a metrizable
topological space Y , a continuous mapping φ of X onto Y , and a sequence (Vn)n∈N of
cozero-sets in Y such that Un = φ−1(Vn) (n ∈N).
Lemma 3.3. Let E be a topological space and H a relatively pseudocompact subset of
E. Let I be a set and L a countable sublattice of C(E, (RI )b). Let g ∈ C(E, (RI )b) and
ε > 0. Suppose that given any (y, z) ∈E ×E, there exists h(y,z) ∈ L such that
d
(
h(y,z)(y), g(y)
)
< ε and d
(
h(y,z)(z), g(z)
)
< ε.
Then there exists h ∈L such that
sup
x∈H
d
(
h(x), g(x)
)
6 ε.
Theorem 3.4. Let X be a (σ − β)-defavorable space, let Y be a pseudometric space, and
let H be a relatively pseudocompact subset of Cp(X,Y ). Then the set A of all x ∈X such
that H is equicontinuous at x is a dense Gδ-set in X.
Proof. Since the metric space Y ∗ associated to Y can be isometrically imbedded in
(RY ∗)b [9, 4.3.14], we may assume without loss of generality that Y = (RI )b where I
is a set. In order to simplify, let us denote by E the topological space Cp(X,Y ). Let φ be
the mapping of X into C(E,Y ) defined by φ(x)(h) = h(x) for all x ∈ X and all h ∈ E;
the mapping φ :X → Cp(E,Y ) is continuous. Let Cu,H (E,Y ) denote the set C(E,Y )
equipped with the pseudometric (f1, f2) 7→ suph∈H d(f1(h), f2(h)); then we define A
to be the set of all points x ∈ X such that φ :X→ Cu,H (E,Y ) is continuous at x . For
all point x ∈ X, let Ω(x) be the local oscillation at x of φ :X → Cu,H (E,Y ). Since
the mapping x 7→ Ω(x) :X→ R is upper semicontinuous [5, IX, 2.3, Proposition 4],
Gk = {x ∈ X | Ω(x) < 1/k} is an open subset of X (k ∈ N), and since A =⋂k∈NGk ,
A is a Gδ-set in X; moreover, since X is a Baire space, to prove that A= X it suffices to
prove that Gk =X (k ∈N). Let us assume the contrary; then there is k0 ∈N such that Gk0
is not dense in X; thus Ω(x)> 1/k0 at each point x of a nonempty open subset U1 of X.
Let us define a strategy t for the player β as follows: t1(∅)=U1 and
tn+1
(
(V1, x1), . . . , (Vn, xn)
)=Un+1 = Vn \ ⋃
f∈Ln
Xf ,
where Ln denotes the (finite) sublattice of C(E,Y ) generated by {φ(x1), . . . , φ(xn)},
and Xf denotes the closed subset {x ∈ X | suph∈H d(f (h), (φ(x))(h)) 6 1/3k0} of X
(f ∈ Ln). The inclusion Vn ⊂ U1 implies that the open subset Un+1 of X is nonempty;
because, if not, then for some f ′ ∈ Ln, Xf ′ ∩ Vn has an interior point x ′ in X; the local
oscillation Ω(x ′) is then at most 2/3k0, which is contradictory.
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By hypothesis, the space X is (σ −β)-defavorable; therefore, t is not a winning strategy
for β in Gσ and there exists a winning game ((Vn, xn))n∈N for α against t . Let v be a
point of
⋂
n∈N Vn which lies in {xn | n ∈N}. Since φ :X→ Cp(E,Y ) is continuous, φ(v)
is adherent to {φ(xn) | n ∈N}, and a fortiori to L :=⋃n∈NLn, in Cp(E,Y ). Since L is a
sublattice of C(E,Y ), it follows from Lemma 3.3 that φ(v) is adherent to L in Cu,H (E,Y ).
Let us choose g ∈L such that suph∈H d(g(h), (φ(v))(h))6 1/3k0, and let us choose p ∈N
such that g ∈ Lp . The point v belongs to ⋃f∈Lp Xf , consequently it does not belong to
Up+1; this contradicts the fact that v ∈⋂n∈N Vn =⋂n∈NUn. 2
Remark 3.5. It has been proved by Reznichenko [22] that for every pseudocompact space
H and every compact subspaceX of Cp(H,R), there exists f ∈X such that the restrictions
to X of the topologies of pointwise and uniform convergence coincide at f . This result
(obtained in [22] by using Haydon’s theorem [14] and Namioka’s theorem [21]) obviously
follows from Theorem 3.4 above.
4. Applications
In Sections 4 and 5, we present some applications of Theorem 3.4. All of them are in fact
contained in one and the same result proved as Theorem 4.1 (or in its variant established as
Theorem 5.2). Recall that a topological space X is said to be a µ-space if every relatively
pseudocompact subset of X is relatively compact in X. A topological space is said to be
topologically complete (or Dieudonné complete) if it admits a complete uniform structure
compatible with the topology; for example, every paracompact space is topologically
complete [9, 8.5.13]. It is known that in a uniform space, any relatively pseudocompact
subset is precompact (it follows from [1, III.4.5] and [9, 8.1.11]); consequently, every
topologically complete space is a µ-space.
We recall that if f :E→ F is a mapping of a set E into a set F , then the mapping
(a, b) 7→ (f (a), f (b)) :E ×E→ F × F
is denoted by f × f .
Theorem 4.1. Let G be a (σ − β)-defavorable topological group, let (Y,U) be a uniform
space, and let F be a relatively pseudocompact subset of Cp(G,Y ). For (x, f ) ∈G× F ,
let f x be the right translate of f by x . Let us suppose that
∀W ∈ U, ∃V ∈ U,
⋂
f∈F
(f × f )−1(V )⊂
⋂
(x,f )∈G×F
(f x × f x)−1(W), (?)
(a condition which is satisfied if F is right translation invariant). Then:
(a) F is equicontinuous.
(b) If F(x) is relatively compact in Y for all x ∈G (which is the case if Y is a µ-space),
then F is relatively compact in C(G,Y ) with respect to the compact-open topology.
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Proof. (a) Let a be any point of G; let us show that F is equicontinuous at a. Let W ∈ U .
By hypothesis (?), there is V ∈ U such that⋂
f∈F
(f × f )−1(V )⊂
⋂
(x,f )∈G×F
(f x × f x)−1(W). (1)
Let us choose a pseudometric d on Y which is uniform with respect to the uniform structure
U on Y and satisfies the condition{
(y, z) ∈ Y × Y | d(y, z) < 1}⊂ V (2)
(cf., for example, [9, 8.1.11]). Since F is a relatively pseudocompact set in Cp(G,Y ), F is
a relatively pseudocompact set in Cp(G, (Y, d)); hence, by Theorem 3.4, there exists u ∈G
such that the set{
x ∈G | ∀f ∈ F, d(f (u), f (x)) < 1}
is a neighborhood of u in G and by virtue of (2), the set
U = {x ∈G | ∀f ∈ F, (f (u), f (x)) ∈ V }
is a neighborhood of u in G. Since right translations in G are continuous, Uu−1a is
a neighborhood of a in G. The relation x ∈ Uu−1a implies xa−1u ∈ U ; consequently,
(f (u), f (xa−1u)) ∈ V for all f ∈ F and by (1), (f (a), f (x)) ∈ W for all f ∈ F ; F is
therefore equicontinuous at a. This proves (a).
(b) Property (b) follows from (a) and Ascoli’s theorem [5, X, 2.5, Theorem 2]. (Let
x ∈ G; since the set F is relatively pseudocompact in Cp(G,Y ), F(x) is relatively
pseudocompact in the space Y ; consequently, if Y is a µ-space, F(x) is relatively compact
in Y .) 2
Let G be a topological group, Cb(G) the set of all bounded continuous functions of
G into C, and f ∈ Cb(G). Suppose that, as a topological space, G is a countably ˇCech-
complete regular space. Then it is a known result that f is right uniformly continuous if
and only if the right orbit RGf of f is relatively compact in Cb(G) with respect to the
pointwise topology. This is proved by making use of Namioka’s usual theorem [21], for
example, in [3, 14.6]. (Cf. also [26] for another proof of this result.) Theorem 4.1 admits
the following corollary.
Corollary 4.2. Let G be a (σ −β)-defavorable topological group, (Y,U) a uniform space
and f :G→ Y a continuous mapping. Suppose that the right orbit RGf of f is relatively
pseudocompact in Cp(G,Y ). Then:
(a) f is right uniformly continuous;
(b) if F(x) is relatively compact in Y for all x ∈ G (which is the case if Y is a µ-
space), then RGf is relatively compact in C(G,Y ) with respect to the compact-open
topology.
Proof. Obviously, RGf is right translation invariant; moreover, f is right uniformly
continuous if and only if RGf is equicontinuous. 2
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Corollary 4.3 has been recently obtained by Korovin [19] in the particular case when
the pseudocompact Tychonoff group G is countably compact (cf. also [22]), and by
Reznichenko [22] in the particular case when G is separable. (As is well known, it is
Ellis’ theorem when G is compact.) The proofs in [19,22] make use of generalizations of
Grothendieck’s theorem [12] and of Namioka’s theorem [21].
Corollary 4.3. Let G be a pseudocompact Tychonoff group whose multiplication Π is
separately continuous. If the space G is (σ − β)-defavorable, then Π is continuous.
Proof. Let us denote by U a uniform structure on the set G which is compatible with the
topology of G. Let us put F = {Πy | y ∈ G}, Πy being the mapping x 7→ xy :G→ G
(y ∈ G); since the topological space G is pseudocompact and since the mapping y 7→
Πy :G→ Cp(G,G) is continuous, F is a pseudocompact subspace of Cp(G,G). It is
easy to verify that F is right translation invariant; consequently, by Theorem 4.1, F is
equicontinuous. The equicontinuity of F implies the continuity of Π [5, X, 2.1, Corol-
lary 3]. 2
Remark 4.4. Let us recall that it has been proved in [22] that all pseudocompact Tychonoff
groups with separately continuous multiplication are topological groups.
Let G and H be two topological groups, Hom(G,H) be the set of all continuous
homomorphisms of G into H , and F be a subset of Hom(G,H). As an application
of its theorem on separate and joint continuity, Namioka [21] proved the following
slightly weaker version of a classic theorem by Corson and Glicksberg [8]: If G, as a
topological space, is countably ˇCech-complete and regular and if F is compact relative
to the pointwise topology, then F is compact relative to the compact-open topology. The
following improvement of this result is again obtained as a corollary of Theorem 4.1. (An
improvement of the same sort of the general result of Corson and Glicksberg is examined
at the end of this paper.)
Corollary 4.5. Let G be a (σ − β)-defavorable topological group, let H be an arbitrary
topological group, and let F be a subset of Hom(G,H). Let us suppose that F is relatively
pseudocompact in Cp(G,H). Then:
(a) F is equicontinuous,H being endowed with its right uniform structure U .
(b) If F(x) is relatively compact in H for all x ∈ G (which is the case if H is a µ-
space), then F is relatively compact in Hom(G,H) with respect to the compact-
open topology.
Proof. Let W ∈ U ; by Theorem 4.1, it suffices to show that there exists V ∈ U such that⋂
f∈F
(f × f )−1(V )⊂
⋂
(x,f )∈G×F
(f x × f x)−1(W). (1)
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Let V ∈ U such that V = {(y, z) ∈ H ×H | yz−1 ∈ ω} for some neighborhood ω of
the identity element in H and such that V ⊂ W ; then, since the elements of F are
homomorphisms, we have
(f x × f x)−1(V )= (f × f )−1(V )
for every (x, f ) ∈G× F and consequently (1) holds for this V . 2
Remark 4.6. Let H be a topological group. If H is ˇCech-complete, then H is
paracompact [4] and consequently,H is a µ-space.
Remark 4.7. Let G be a locally compact abelian group and let T be the circle group. Let
Ĝ= Hom(G,T), i.e., the group of all continuous characters of G. The underlying group
G equipped with the coarsest topology for which all χ ∈ Ĝ are continuous is denoted by
G+. By Glicksberg’s theorem [11], if a subset A of G is relatively compact in G+, then A
is relatively compact in G. Recently, Glicksberg’s theorem has been extended to show that
the same conclusion holds if A is only supposed to be relatively pseudocompact in G+. It
appears in Trigos-Arrieta [24,25] and, for G discrete, in Comfort and Trigos-Arrieta [7].
Let us endow Ĝ with the compact-open topology. By the well-known Pontrjagin’s
duality theorem [16, 24.8], Ĝ is a locally compact abelian group and the mapping τ of
G into Ĝ defined by
τ (x)(χ)= χ(x) (x ∈G, χ ∈ Ĝ)
is a topological isomorphism. Taking into account Pontrjagin’s duality theorem and
applying Corollary 4.5 above, we obtain Trigos-Arrieta’s result. (Glicksberg’s proof in [11]
rests on a criterion for weak compacity of Grothendieck [12] and Radon measures. Trigos-
Arrieta’s proof in [24,25] requires Pontrjagin’s duality theorem and an examination of
quotient topologies on groups of the formG/H ; it rests on the discrete case studied in [7].)
5. An improvement of Corson and Glicksberg’s theorem
In [8], Corson and Glicksberg enunciated the following theorem, more general than the
one ulteriorly established by Namioka [21]: Suppose that G and H are topological groups
and every closed subgroup of G is a Baire space; let F be a subset of Hom(G,H); if F
is compact relative to the pointwise topology, then F is compact relative to the compact-
open topology. (The proof of this assertion given in [8] is founded mainly on a lemma
of Grothendieck [12] and a category result. Namioka [21] remarked that this proof is
incomplete; however it is proved in [26] by using an independent approach.)
In the last part of this paper, our main purpose is to establish that if F is more generally
relatively pseudocompact in Cp(G,H), then, on F , the compact-open topology is the
same as the pointwise topology. This improvement of Corson and Glicksberg’s theorem is
deduced from Theorem 5.2 below exactly as Corollary 4.5 is deduced from Theorem 4.1.
As far as Theorem 5.2 is concerned, it follows essentially from Theorem 4.1 and from
Lemma 5.1 below. (Lemma 5.1 is a weakened form of Corollary 3.2 in [26].) Our proof is in
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the same spirit as the one of Corson and Glicksberg’s theorem given in [26]. It should also
be noted that we only require the topological group G to satisfy the following condition:
each closed separable subgroup of G is a Baire space.
Lemma 5.1. Let X be a compact topological space, Y a uniform space and H a subset of
C(X,Y ). Then H is equicontinuous if and only if for each countable subset A of X, the set
H |A of restrictions to A of mappings of H is equicontinuous.
Theorem 5.2. Let G be a topological group each of whose closed separable subgroups
is a Baire space, let (Y,U) be a uniform space, and let F be a relatively pseudocompact
subset of Cp(G,Y ). Let us suppose that
∀W ∈ U, ∃V ∈ U,
⋂
f∈F
(f × f )−1(V )⊂
⋂
(x,f )∈G×F
(f x × f x)−1(W)
(a condition which is satisfied if F is right translation invariant). Then, on F , the compact-
open topology is the same as the pointwise topology.
Proof. Let K be any compact subspace of the topological group G; since for each x ∈G
the set F(x) ⊂ Y is relatively pseudocompact, so precompact, it is enough to prove that
the set F |K of restrictions to K of mappings of F is equicontinuous [5, X, 2.5, Ascoli’s
theorem and Remark]. Let D be a countable subset of K; to prove that the set F |K is
equicontinuous, it suffices, by Lemma 5.1, to prove that the set F |D is equicontinuous.
Let G′ be the closed subgroup of G generated by D; since every separable Baire space
is (σ − β)-defavorable, the topological group G′ is (σ − β)-defavorable. The set F |G′ is
obviously relatively pseudocompact in Cp(G′, Y ); therefore, by part (a) of Theorem 4.1,
F |G′ is equicontinuous; hence a fortiori, F |D is equicontinuous. 2
Corollary 5.3. Suppose that G and H are topological groups and every closed separable
subgroup of G is a Baire space. Let F be a subset of Hom(G,H) which is relatively
pseudocompact in Cp(G,H). Then, on F , the compact-open topology is the same as the
pointwise topology.
The following result is a consequence of Corollary 5.3; it extends Corollary 7 in [8] to
the present context. Recall that a topological space X is said to be strongly functionally
generated by the family of all its relatively pseudocompact subspaces if the following
condition is satisfied: for each discontinuous function f of X into R (or equivalently any
Tychonoff space Y ), there is a relatively pseudocompact subspace A of X such that the
restriction f |A is discontinuous.
(The above equivalence follows from the well known fact that a mapping φ of a
topological space E into a Tychonoff space Y is continuous if and only if g ◦ φ is
continuous for every real-valued continuous function g on Y .)
Corollary 5.4. Suppose that G and H are topological groups and that every closed
separable subgroup of G is a Baire space. Let X be a topological space strongly
88 J.P. Troallic / Topology and its Applications 108 (2000) 79–89
functionally generated by the family of all its relatively pseudocompact subspaces, and
let f :X→Hom(G,H) be a mapping. Suppose that f is continuous when Hom(G,H) is
endowed with the pointwise topology. Then f is continuous when Hom(G,H) is endowed
with the compact-open topology.
Proof. It suffices to remark: (a) that Hom(G,H) endowed with the compact-open
topology is uniformizable [5, X, 3.4, Theorem 2] and consequently a Tychonoff space [5,
IX, 1.5, Theorem 2]; (b) that for every relatively pseudocompact subspace A of X, f (A)
is relatively pseudocompact in Hom(G,H) with respect to the pointwise topology; (c) that
for every pseudocompact subspace A of X, the compact-open topology on f (A) is the
same as the pointwise topology by Corollary 5.3. 2
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